Based on numerical simulations with the magnetohydrodynamic code NOVA, reversed shear Alfvén Eigenmodes (RSAE) associated with the ellipticity-induced and non-circular triangularityinduced Alfvén Eigenmode gaps were found. An analytical model for large aspect ratio plasmas confirms the existence of those modes with a pressure gradient threshold that agrees very well with the NOVA calculations. It is predicted that these higher gap RSAEs might be observed in existing large tokamaks in the early phase of reversed shear discharges when the minimum value of the magnetic safety factor is high (larger that two). Because the pressure-gradient threshold decreases with major radius these modes might readily show up in ITER plasmas. * gkramer@pppl.gov 
I. INTRODUCTION
A new class of Alfvén eigenmodes, the reversed shear Alfvén Eigenmodes (RSAE, sometimes called Alfvén Cascades) has been observed in several Tokamaks [1] [2] [3] [4] [5] [6] [7] [8] 15] and explained theoretically [9] [10] [11] [12] [13] [14] [15] [16] [17] . Hallmarks of these modes are their localization at the minimum of the magnetic safety factor or q profile and a rapid up-chirping from about one-third to the Alfvén frequency when the minimum of the q profile decreases. The RSAE is related to the Torodicity-induced Alfvén Eigenmode (TAE) gap in the Alfvén continuum but there are other gaps as indicated in Fig. 1 and in this paper we show that similar RSAEs can be associated with higher frequency gaps at the shear reversal point. Below the TAE gap the Beta-induced Alfvén Eigenmode (BAE) gap exists. and is formed by finite pressure effects [18] . Above the TAE gap at about twice the TAE frequency, the Ellipticity-induced Alfvén Eigenmode (EAE) gap exists [19] which is formed by the coupling of poloidal harmonics m and m + 2. It opens because of the plasma ellipticity. The third gap at three times the TAE frequency is the Non-circular triangularity-induced Alfvén Eigenmode (NAE) gap [20] . It is formed by the coupling of poloidal harmonics m and m + 3, and opens due to the plasma triangularity. Alfvén eigenmodes have been observed in all these gaps [21] [22] [23] [24] [25] [26] [27] [28] [29] . Higher order gaps also exist with ∆m4 and ∆m5 (see Fig. 1 ) but modes in these gaps have not been observed experimentally.
The standard RSAE has a frequency just above the local maximum of the lowest branch of the Alfvén continuum at the minimum of the q profile (q min ). When q min decreases the frequency of the Alfvén continuum at q min increases and the RSAE frequency increases until it reaches the TAE gap where it transforms into a TAE. Local maxima in the Alfvén continuum at q min also exist in higher branches of the Alfvén continuum where modes similar to the RSAE are found in simulations performed with the non-variational magnetohydrodynamic (MHD) code NOVA [30, 31] as shown in Fig. 3 for RSAEs associated with the TAE, EAE, NAE, ∆m4, and ∆m5 gaps. Once found in the NOVA simulations, an analytical model was developed at large aspect ratio to confirm the validity of the numerical solutions. The analytic model is presented in section II, the numerical simulations in III, and a discussion of the optimal conditions for observing those modes is given in IV while conclusions are presented n section V. 
II. ANALYTICAL MODEL
In Ref. [16] an analytical treatment was given of the RSAEs associated with the TAE gap where it was shown that a finite pressure gradient is contributing favorably to the mode existence; a finding that is supported by earlier NOVA simulations [13] . In Ref. [16] the linearized momentum equation was used together with a reduced MHD model for the shear Alfvén waves in a low-beta plasma to obtain a criterion for the existence of the RSAEs associated with the TAE gap. The analytic criterion for the existence of RSAEs localized near q min for large-aspect ratio finite-beta tokamaks with circular flux surfaces was derived in [10] and is given as:
In various papers Q has been calculated with different assumptions for the plasma and/or fast-ion contributions [10, 12, 14, 16] . In Ref. [16] an expression for Q is obtained that includes terms up to quadratic in the pressure gradient:
with = r min /R 0 the inverse aspect ratio (R 0 the major radius), ∆ = d∆/dr the derivative of the Shafranov shift, ∆, α = −(R 0 q 2 min /B 2 )dP/dr, with P the plasma pressure and B the magnetic field strength, q min = d 2 q/dr 2 evaluated at r min , the location of q min and k m = n − m/q min is the parallel wave number with n the toroidal and m the poloidal mode number.
The same expression can be used to investigate weather RSAEs associated with higher gaps can exist by using the appropriate values for k m . For the conventional RSAEs associated with the TAE gap which appear experimentally as up-chirping modes when q min decreases, k m changes from zero at the rational q surface, m/n, to −1/2q TAE when it transitions into a TAE at q TAE = (m − 1/2)/n. Therefore, Q is positive for RSAEs associated with the TAE gap under the condition for which Eq. 2 was derived: β ∼ O( 2 ) which means that α is small. For RSAEs associated with the EAE, NAE, and higher order gaps k m is less than minus one which means that the term: 1 − (2k m q min ) 2 is negative. The existence condition (Eq. 1) can only be fulfilled when the term:
is negative, i.e. when α exceeds a critical value: α crit . In the limit of high poloidal mode numbers α crit is proportional to the inverse aspect ratio:
with
whereby expression in front of depends only on q min and the toroidal and poloidal mode numbers of the RSAE. When we include the effect of finite poloidal mode numbers Eq. 3 changes to:
where α crit now depends not only on q min , m, and n but also on the major radius and the shear rate near q min .
As an example we have evaluated Q (Eq. 2) as a function of α for a plasma with an inverse aspect ratio of 0.05 at the mode location and the following parameterizations of the pressure and q profiles (Fig. 2) . The pressure was taken to be parabolic:
with P 0 the central pressure, the q profile was given as:
and the density profile was taken to be constant over the plasma radius.
In Fig. 4 we show Q as a function of α for a RSAE with mode numbers (m, n) = (20, 10) at three values of q min chosen in such a way that we obtain RSAEs associated with the TAE, EAE and NAE gaps. At q min = 1.98 the RSAE is associated with the TAE gap. This mode exists at zero α and because Q increases with α the mode continues to exist. The up-chirping RSAEs associated with the EAE, NAE, and higher gaps come only into existence when α crit is passed. From Fig. 4 it can be seen that α crit for RSAEs associated with the NAE gap (at q min = 1.88) is lower than the one for RSAEs associated with the EAE gap (at q min = 1.92).
All these RSAEs exist just above the lower Alfvén continuum that encloses their respective gap as shown in Fig. 1 .
Equation 2 was derived under the assumptions that β ∼ O(
2 ) and for plasmas with circular cross sections. We will first first compare the predicted aspect ratio and q min dependence of α crit with NOVA simulations for RSAEs associated with the NAE gap. This is followed by a study of the frequency behavior of various RSAEs as function of q min for realistic plasma shapes and parameters. 
III. NUMERICAL SIMULATIONS
Theory predicts that above α crit RSAEs in gaps above the TAE gap can appear. For a large aspect ratio plasma with a circular cross section we have determined numerically with the NOVA code the q min and aspect ratio dependencies and compared them with the results of Eqs. 3 and 5. A parabolic pressure profile (Eq. 7) was used together with a constant density profile and the q profile was parametrized according to Eq. 8.
For the q min comparison we have used a model plasma with a circular cross section, a major radius, R 0 , of 9 m, a minor radius, a, of 1 m. The minimum value of q was located at r/a = 0.5 and the width parameter was chosen to be w q = 2.5. The critical α for the n = 10 mode was determined for RSAEs in the NAE gap. The RSAEs in the TAE and NAE gaps with k m < 0 start at q min = i/n with i a positive integer and n the toroidal mode number.
In Fig. 5 we compare α crit calculated at q = i/10 + 0.09 for the analytical expression (Eq. 5) with values calculated by NOVA at q = 0.99 + 0.5 i. From this figure it can be seen that α crit as calculated from NOVA agrees well with the analytical expression. A similar comparison was made for the variation in aspect ratio (Fig. 6 ). The aspect ratio was varied by changing the major radius between 3.0 and 10.0 m while keeping the minor radius fixed to 1.0 m and the mode location at r/a=0.5 whereby a circular plasma cross section was used. An n = 10 RSAE in the NAE gap was calculated with the following parameters for the q profile: q min was fixed to 1.99, w q was taken to be 2.5, and q min was located at r/a = 0.5. The overall trend: α crit , above which the mode exists, was found to increase in both the analytical theory and in the simulations with a decreasing aspect ratio (see Fig. 6 ) At large aspect ratios (large major radii) α crit from NOVA agree well with the ones from the analytical formula (Eq. 5) while at smaller aspect ratios (smaller major radii)
the numerical values are lower that the analytical ones. This deviation is not so surprising because the theory was developed for large aspect ratio tori.
IV. FREQUENCY BEHAVIOR
The frequency behavior of the RSAE in the TAE and NAE gaps as function of α at the mode location is shown in Fig. 7 where it can be seen that the RSAE in the TAE gap exists even when α is zero. The RSAE in the NAE gap only comes into existence above α crit where it emerges from the tip of the Alfvén continuum at q min . When α increases both RSAEs move away from the tip of the Alfvén continuum indicating that the pressure gradient is contributing to the existence of these modes. For the calculations of Fig. 7 we have used the following parameters: R 0 = 10 m, a = 1 m, q min = 1.99, r min = 0.5, w q = 2.5, a parabolic pressure profile, the adiabatic index of compression, γ = 5/3, and a constant density profile.
In reversed shear experiments, where RSAEs are observed, q min is decreasing slowly.
Therefore, we have calculated the frequency behavior of RSAEs associated with the TAE, EAE, and NAE gaps for two cases: first for a large aspect ratio torus with circular cross section, similar to the ones used in the comparison of the analytical theory with the simulations and second for a more realistic D-shaped plasma with an aspect ratio of three.
The frequency behavior of the n = 10 RSAEs associated with the TAE, EAE and NAE gaps as function of q min is shown in Fig. 8 for a torus with and aspect ratio of ten (R = 10 m, a = 1 m) where the modes are located at r/a = 0.5. In this simulation we have again used a circular cross section, with a constant density profile and the q profile was parametrized according to Eq. 8 with w q = 2.5, r min = 0.5 and q min was varied from 2.0 to 1.85. Because the parabolic pressure profile was kept constant with β(0) = 0.5%, α was decreasing in this scan from 0.20 at q min = 2.0 to 0.17 at q min = 1.85.
Eigenmode solutions from this simulation are shown in Fig. 3 for the points marked with diamonds in Fig. 8 . The main poloidal harmonic of the RSAEs reflects the m number of the Alfvén continuum at q min where the modes reside. From Fig. 8 it can be seen that both the BAE and TAE gaps are open because γ = 5/3 was used and the aspect ratio was finite.
The EAE and NAE gaps are closed because of the circular plasma cross section. RSAEs associated with the TAE, EAE, and NAE gaps were found in the simulations and they all follow the Alfvén continuum frequency at the radius of q min very accurately.
For studying RSAEs in a realistic case we have chosen a D-shaped plasma (elongation, κ = 1.5 and triangularity, δ = 0.2) with a major radius of 3 m and minor radius of 1 m.
The parameters for the q profile as given by Eq. 8 were: w q = 0.8, r min = 0.5 and q min varied Eigenmode solutions marked with diamonds are shown in Fig. 3 . Details on the simulations are given in the text.
from 2.0 to 1.85 which led to variation in α from 0.12 at q min = 2.0 to 0.10 at q min = 1.85.
The density profile was taken constant over the minor radius. In Fig. 9a the results of this q min -scan are shown where it can be seen that the BAE, TAE, EAE, and NAE gaps are all open due to γ = 5/3 for the BAE gap and to the plasma shaping for the other gaps. Only
RSAEs associated with the TAE and NAE gaps were found in the simulations. No RSAEs associated with the EAE gap were found in these simulations. Only after an increase of α by more than a factor five the RSAE associated with the EAE gap appeared in the simulations indicating that the critical α is higher for RSAEs associated with the EAE gap than the RSAEs associated with the NAE gap. This is in agreement with the predictions from theory (c.f. Fig. 4 ).
Typical RSAE solutions for the modes associated with the TAE and NAE gaps are shown in Fig. 9b and 9c, respectively. Apart from the increased number of side-band harmonics, the RSAE solution associated with the TAE gap in the realistic plasma shape of Fig. 9b is very similar to the large aspect ratio case of Fig. 3a . The RSAE solution associated with the NAE gap, however, differs somewhat from the large aspect ratio case. First, the m = 19
side-band harmonic is not small any more. Second, at Ψ pol ≈ 0.8 some coupling to a global NAE becomes apparent despite the fact that the Alfvén continuum is present between this part and the core-localized part of the mode. It has been found recently that intersections of modes with the alfvén continuum do not necessary lead to high continuum damping rates [32] . Similar couplings have been observed previously in the TAE gap between global and core localized TAEs [33] .
The best opportunity to observe RSAEs associated with the NAE gap is in the early stage of reversed shear discharges when q min is high. This lowers α crit above which the modes exists. For a circular plasma shape with an aspect ratio of three and a parabolic pressure profile α crit at q min = 3 is about 0.25 and decreases to 0.22 at q min = 5. These numbers don't vary significantly for different toroidal mode numbers.
V. CONCLUSIONS
In numerical simulations with the NOVA code reversed shear Alfvén eigenmode solutions associated with with higher gaps, in particular the EAE, NAE, ∆m4, and ∆m5 gaps were found. All these modes reside at the magnetic shear reversal point and consist of one dominant poloidal harmonic. Analytical theory has corroborated the existence of those modes at large aspect ratios and predicted that the RSAEs in the gaps above the TAE gap only exist above a critical α, in contrast to the conventional RSAEs in the TAE gap which exist even at zero α. The theoretical predictions for α crit compare well with values that were found with NOVA for plasmas with large aspect ratios, circular cross sections, and high poloidal mode numbers, the conditions under which the analytical theory was derived.
The frequency behavior of the RSAEs associated with the TAE, EAE, and NAE gaps was studied for two cases. For the large aspect ratio circular plasma cross section case, RSAEs were found to exist in the TAE, EAE, and NAE gaps and their frequencies follow the alfvén continuum frequency closely when q min decreases. In the more realistic case, where we simulated the frequency behavior for a large tokamak with an aspect ratio of three and a D-shaped plasma cross section, only RSAEs associated with the TAE and NAE gaps were found when α was about 0.1. RSAEs associated with the EAE gap came only into existence when alpha was raised to above 0.5 indicating that α crit for RSAEs associated with the EAE gap is much higher than for RSAEs associated with the NAE gap. This is in accordance with the analytical theory.
Depending on the values of q min and R 0 , RSAEs associated with the NAE gap can become unstable when α is in the range of 0.05 to 0.15. The best place to look for RSAEs associated with the NAE gap is in Tokamaks with a large major radius such as JET, JT60U, and DIIID during the early phase of reversed shear discharges when q min is still high (q min > 2.0).
Because α is proportional to the major radius and the major radius of ITER is much larger than present day machines, α in ITER can therefore reach more easily values above α crit for the excitation of RSAEs associated with the NAE gap. Therefore, in ITER advanced plasma scenarios these modes might show up and influence the plasma performance.
